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Abstract 

Exploiting a relationship between closed geodesies on a generic closed hyperbolic 
surface S and a certain unipotent flow on the product space Ti(5) x Ti{S), we obtain 
a local asymptotic equidistribution result for long closed geodesies on S. Applications 
include asymptotic estimates for the number of pants immersions into S satisfying 
various geometric constraints. Also we show that two closed geodesies 71,72 of length 
close to L chosen uniformly at random have a high probability of partially bounding 
an immersed 4-holed sphere whose other boundary components also have length close 
to L. 
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1 Introduction 

One motivation for this work came from two well-known conjectures: 

Conjecture 1.1. (The Surface Subgroup Conjecture) Let Ai be a closed hyperbolic 3-manifold. 
Then there exists a Hi-injective map j : S ^ from a closed surface S of genus at least 2 
into M.. 

Conjecture 1.2. (The hyperbolic Ehrenpreis conjecture ) (\Ehrenprei^ , IGendron^ ) Let e > 

and let 81,82 be two closed hyperbolic surfaces. Then there exists finite-sheeted locally 
isometric covers Si of Si (fori = 1,2) such that there is a (1 + e) bi-Lipschitz homeomorphism 
between Si and 82- 

Attempting to understand these conjectures led to the study of immersions of three-holed 
spheres into 3-manifolds M. and cross products S1XS2; we would hke to glue such immersions 
together to obtain an immersion of a closed surface S A4 or S Si x S2 with tight control 
on its geometric structure. 

But the simpler case, that of immersions of three-holed spheres into a closed hyperbolic 
surface S, is not well-understood. For instance, the following question is unknown. 
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Question 1.3. Given e > 0, for sufficiently large L, does there exist a finite sheeted cover 
IT : S ^ S such that S admits a pair of pants decomposition, every geodesic of which has 
length in {L — e, L + e)? 

Another motivation for the present work comes from a desire to "bridge the gap" between 
two research areas: group growth and subgroup growth. The former concerns itself with the 
asymptotic number of elements in a given group of word length less than R, the latter with 
the asymptotic number of subgroups with finite index less than R. Is there something in 
between? Among other things, here we study the asymptotic number of conjugacy classes of 
2-generator subgroups of a surface group satisfying certain geometric conditions with the aim 
(not yet realized) of amalgamating these subgroups together to obtain finite index subgroups 
with geometric constraints. 

1.1 Equidistibution Results 

Let S" be a fixed closed hyperbolic surface. Regard S as the quotient space EI^/F where T is 
a fixed lattice in the group /som^(EI^) (= PSL2{M.)) of all orientation-preserving isometries 
of the hyperbolic plane H^. 

Let w be an arbitrary unit vector in the unit tangle bundle Ti{S). Consider the geodesic 
segment of length L tangent to w with w based at its midpoint. If the tangent vectors ei, 62 
at the endpoints are close then a short segment can be adjoined to it to obtain a closed path 
in 5*. The closed geodesic 7 in the homotopy class of this path is very close to the original 
segment. A calculation we will use often quantifies how close. For example, we show that 
there is a function F = (Fi, F2, F3) of the position of Ci relative to 62 such that the distance 
from w to 7 along a geodesic segment orthogonal to w equals Fie~^/^ + 0{e~^), the angle 
at which this segment intersects 7 equals n/2 + ^26"^/^ + 0{e~^) and the length of 7 equals 
L + F3 + 0{e~^). Roughly speaking, if the distance between ei and 62 is less than e then 
1^2 1, IF3I are all less than e as well. For a precise statement see corollaries 13.41 and 14.21 
below. 

If the vectors ei and 62 are not close then we push w to its right along an orthogonal 
geodesic. The pair (61,62) moves by a product of hypercycle flows in the product space 
Ti{S) X Ti{S). Pushing w a distance 0{e~^/'^) amounts to flowing this pair for 0(1) time. 
As L tends to infinity, this product hypercycle flow converges to a product of horocycle 
flows. As a consequence of Ratner's work on Raghunathan's conjectures we show that if the 
commensurator, Comm{T), contains only orientation preserving isometries then the latter 
flow is uniformly equidistributed on the product space. By definition, CommiV) is the set 
of all isometries g G Isom{M?) such that gTg~^ fl F has finite index in F. 

To make this precise, for w G Ti{M^), T,L > 0, let /x = ^w,t,l be the probability measure 
on the set 

{{wtG.L/2,WtGL/2) G T,{lf) X Ti(tf) I < t < r6-^/2} 
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induced by Lebesgue measure on [0, Te~^/^]. Here Wt is the unit vector obtained by pushing 
w to its right along an orthogonal geodesic for time t at unit speed. is the geodesic flow for 
time L. So if at is the segment of length L tangent to Wt with Wt based at its midpoint, then 
WtG_L/2 and WtGL/2 are the unit vectors tangent to at at its ends and oriented consistently 
with Wt- Let 'n'^{fiui,T,L) be the projection of ^w,t,l to Ti{S) x Ti{S). 

Theorem 1.4. Assume Comm{r) < /som+(H[^). Let A be Haar probability measure on 
Ti{S). Given any continuous function f : Ti{S) x Ti{S) C and any eo > there exists a 
Tq > such that for all T,L > Tq and w G Ti(EI^) 

|7^*(/i^„,T,L)(/) - A X A(/)| < eo. 

The condition Gomm{r) < /som~*"(E[^) is generic in the moduli space of genus g surfaces 
for every genus g (see remark ITTj) . With the calculation results, this theorem implies local 
asymptotic equidistribution for long closed geodesies on 5*. 

To give a sample of what can be obtained, for li < I2 let Qhili^ h) be the set of all closed 
oriented geodesies on S with length in the interval (L + Zi, L + 12). We allow closed geodesies 
to cover their images multiple times. So the length of a geodesic 7 equals m times the length 
of its image 7 for some m G N. The next result concerns the asymptotic number of almost- 
perpendicular intersections of the union of geodesies in Qiih, h) with a sequence of segments 
ai on the surface. 

Theorem 1.5. Assume GommiV) < Isorn^i^). Let {aL}L>o be a sequence of oriented 
geodesic segments a^ C S. Assume length{aL)e^^'^ 00 as L 00. Let (hJi), (01,02) be 
finite intervals of the real line. Let = NL{ai,a2,h,h) be the set of unit vectors v such 
that 

• the basepoint of v is in a^, 

• V is tangent to a closed geodesic 7 G Qhiliih), 

• V is oriented consistently with 7, 

• the angle from v to ai is in the interval 7r/2 + (oi, 02)6"-^/^. 
Then 

vol[Ti[b)) 

Here and throughout the paper, F G means lim^^oo § = 1- vol{Ti{S)) equals 
2narea{S) = (2txY {2genus{S) — 2). We also give a new proof of a special case of Rufus 
Bowen's equidistribution theorem (see theorem 13. 6p . 
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1.2 Counting Pants Immersions 

We use the theorems above to build and count pants immersions into S by constructing 
generators for the image subgroup corresponding to two of the boundary components. To 
state the results, fix e > 0. For ri,r2,r3,L > let 'PL(ri, r2, rs) be the set of all locally 
isometric orientation-preserving immersions j : P S in which P is a hyperbolic three- 
holed sphere (i.e. a pair of pants) with geodesic boundary components of length li,l2,h 
satisfying 

k e TiL + (-e, e) 

for i = 1, 2, 3. We implicitly identify immersions ji : Pi ^ S and j2 : -P2 ^ "S* if there is an 
isometry \E' : Pi — > P2 such that ji = J2 ° ^- Thus '^^(ri, r2, rs) is a finite set. The first result 
gives asymptotics for the cardinality VL{ri,r2,r3). 

Corollary 1.6. Assume Comm{r) < /som+(HI^). Then 

vol[Ti{S))\Isom+[ri,r2, r^jl 

where Isom^{ri,r2,r3) is the orientation-preserving isometry group of the pair of pants with 
boundary lengths ri, r2, rs. 

For comparison, recall that the number of closed oriented geodesies in S with length in 
(L — e, L + e) is asymptotic to {e" — e~^)e^ / L (see e.g. |Buserj ). Unlike |PL(ri, r2, ra)! it does 
not depend on the genus of the surface. 

We will prove this as a corollary to theorem 11.71 below. Recall that a closed oriented 
geodesic 7, is a local isometry : S from the circle of length lengthlj) to S. We 

identify geodesies 71,72 if there is an orientation-preserving isometry : ^ such 
that 7i = 72 o Let 7 denote the image of 7 so length{^) = length{'~f)/m where the map 
7 : 5"^ — > 7 is an m-fold cover. 

For 7 e QriL = ^riL(-e, e), let 'PL(ri, r2, rs; 7) C PL(n, ?"2, J^s) denote the subset of 
immersions {j : P —>■ S) in which j restricted to some boundary component is equivalent to 
7- 

Theorem 1.7. Assume Comm{r) < Isom'^{M.'^) . Let 7^ G QnL- If ^2 + > ri and 

'"i + '"s > ^2 then 

4('e'^/2 - e"'/2)2 

|^L(ri,r2,r3;7L)| ~ ^—-—--^length{-fL)exp{-length{^L)/2 + r2L/2 + r3L/2) 

vol[Ti[b))n 

where n = 1 if r2 ^ r^, otherwise n = 2. 
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Note if 1, 1;7) = 1, 1; —7) for all 7 G (where —7 equals 7 with reversed 

orientation) then question 11.31 can be answered affirmatively by gluing the immersions in Vl 
together in such a way that every pair of pants P e "Pi, is used exactly once. 

By successively gluing together pants immersions, the above theorem can be used to give 
asymptotic counts for immersions of n-holed spheres. For example, suppose T is an n-holed 
sphere with a fixed pants decomposition. Consider locally isometric immersions j : T ■—>■ S 
where T equals T with a hyperbolic metric in which the boundary is totally geodesic and 
all curves of the pants decomposition have length in L + (— e, e). Then the number of such 
immersions is asymptotic to 

vol{Ti{S))^-^ 

where h{e) ~ g^n-s (^gpgnds on the symmetries of the decomposition. 

The theorem above can be improved by taking "twisting" into account. For J C 7 let 
'PL{ri,r2,rs;'y, I) C PL(ri, r2, rs; 7) be the subset of pants immersions j : P S such that 
the shortest curve (3 <Z P from diP to d2P has an endpoint on diP which maps to /. Here j 
restricted to diP equals 7 and j restricted to d2P is a closed geodesic of length in r2lv+(— e, e). 

Define M = M{L) by: 

g(-ri-r2+r3)L/4 j£ ^^iq sideleugths of a nondegenerate triangle 

M(L) = { I if ri + r2 = ra 

[-ri - r2 + r3)L/2 if ra > ri + r2 

Theorem 1.8. Assume CommiV) < I som^ {M.'^) , r2+r3 > ri andri+rs > r2. Let'-fi £ QnL 
and II be a subsegment of'jL- If length{lL) sinh(M)e''2'^/^ is bounded away from then 

1^ . . Ni length{lL)\VL{ri,r2,r3;-fL)\ 
|P,(n,r2,r3;7L,/.)| j^^^^ • 

The hypothesis on length^Ii) is automatically satisfied if length^lL) is constant. The 
coefficient sinh(M)e^^''"/^ is probably not optimal. M(L) is roughly the length of the shortest 
path from diP to d2P- From this result, the Ehrenpreis conjecture follows if we weaken the 
conclusion so that Si is no longer required to be closed but is required to have maximum 
injectivity radius bounded from above (see corollary 

An application: let T be a hyperbolic 4-holed sphere with its boundary components 
labeled 01,02,03,04. Let 05 be an oriented simple closed geodesic in the interior separating oi 
and 02 from 03 and 04. Let a be the shortest path from oi to 05 and let /3 be the shortest 
path from 05 to 03. Let r be the twist parameter of 05: r equals the signed distance from 
the endpoint of a to the endpoint of (3 along 05 with sign determined the orientation of 
05. The hyperbolic structure on T is determined by the lengths of oi,..,05 and r. Given 
'"i; ''"2, ''"3, ''"4, ''"5 > the number of immersions T ^ in which length{ci) G r^L + (— e,e) for 
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all i and |r| < e is asymptotic to: 

g ^ g (n +?-2 +r-3 +r4 ) 1-/2 

vol{T,{S)y 

where h{e) ~ e^. The formula does not depend on r^. One explanation for this is that there 
are three simple closed curves in the interior of a 4-holed sphere. If, for example, we required 
C5 to separate ci, C3 from C2, C4 instead then its length might change but the asymptotic count 
cannot. 

The techniques of this paper can also be used to obtain asymptotic counts for immersions 
of bordered surfaces with positive genus although that is not taken up here. 



1.3 Clotheslines 

The next results have to do with the "distance" between geodesies in Ql = Ql{—^,^)- By 
abuse of notation, we identify the pants P with the immersion j : P ^ S. For example, we 
may write P G Viiji, r2, r^) to mean {j : P S) & Viiji, r2, r^). 

Definition 1.9. For a,(3 & Ql, o-n L-clothesline from a to (3 is an {2n — l)-tuple {a = 
7i, Pi, 72, P2, 7n-i, Pn, In = P) wherc 7j G Ql for all i, and Pi G 1, 1) has boundary 

components mapping to 7j_i and —74 where — 7^ denotes 'ji with orientation reversed. It is 
possible to glue the immersions ji : Pi S together to obtain an immersion 

j : Pi P2 ... U^,^_j Pn ^ S 

from an (2 + n)-holed sphere to S. The length of the clothesline is n. If '-/ E Ql has the 
property that for every 7' G Ql there is an L-clothesline of length 2 from 7 to 7' then we say 
that 7 is regular. 

Theorem 1.10. Assume Comm(T) < Isom~^{M.'^) . Then for all L sufficiently large, for any 
pair 7i, 72 G Ql there is an L-clothesline of length 3 from 71 to 72. Also 

#|regular geodesies in 
1™ — ^ 777^ = 1- 

If every geodesic in Ql is regular, then question II. HI can be answered affirmatively. To 
see this, let 71, ai G Ql- Assuming 71 say is regular, there exists an immersed four- holed 
sphere Hi in S obtained from gluing two pants immersions Pi,P2 G Vl{^, 1, 1) together so 
that two of the boundary components of Hi are 71 and cxi. Let 72 and a2 be the other two 
boundary components of Hi. If 72 say is regular, there exists an immersed four-holed sphere 
H2 which decomposes as the union of two pants in 1, 1) and such that 72 and (J2 are 

two of its boundary components. Suppose this process can be continued indefinitely. Since 

is finite, at some later stage we must use the same pair of geodesies in Ql that we used at 
an earlier stage. That is, (7^, c"m) = {in, o'n) for some m < n. Let Hm, H^+i, ■■, Hn-i be the 
intervening four-holed spheres. By construction, it is possible to glue H^ to H^+i to ... to 
Hn-i to Hm to obtain a closed surface S with a locally isometric immersion into S answering 
question II. HI 
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1.3.1 Organization of Paper 

• section 01 The equidistribution results described in the introduction are proven here. 

• section |31 The main technique for constructing elements g & T by perturbations is 
detailed here. 

• section Methods of the previous section are used to construct pants immersions. 

• section IHl The asymptotic counting results presented in the introduction are proven 
here. 

• section |3 The clothesline results are proven here. 

• section |H1 Main calculations used throughout the paper are presented here. In partic- 
ular, corollarv 13.41 is proven. 

Acknowledgements: I'd like to thank Joel Hass with whom conversations about the 
surface subgroup conjecture eventually led to this project. I'd also like thank Chris Connell 
and Chris Judge for many helpful conversations. 

2 Notation 



Throughout the paper, T < PSL2iM.) will denote a fixed cocompact discrete group. Let 
S = H^/r. Let Wq = be the unit vector in the upperhalf plane model of H^. Then 
PSL2(M.) is identified with the unit tangent bundle Ti(M^) by g ^ gwQ. This identification 
projects to an identification between Ti{S) and T\PSL2(M.). If w G Ti(H[^) and w = gwo for 
g G PSL2{M.) we may write to mean g~^ or wh to mean gh when h G PSL2{M.). 

A pair of pants P is a compact hyperbolic surface with geodesic boundary homeomorphic 
to the 2-sphere minus 3 open disks. An immersion j : P ^ S will always mean a locally- 
isometric immersion. Define: 



Vt :-- 



G, 



1 
T 1 





-L/2 



1 T 
1 



Rs :- 



Mat [a, b, c,d] :- 



cos(5/2) sin(5/2) 
-sin(5/2) cos(5/2) 



a b 
c d 



We identify these matrices with their images in PSL2{C). The action Tg — > TgGt on 
r\PSL2{M.) is the geodesic fiow for time t. We identify these matrices with their images in 
PSL2{C). The actions Tg ^gUt and Tg ^gVt are distinct horocycle fiows (for time 
t). Rs is a rotation by the angle 6 about the point i in the upperhalf plane model. When 
discussing a matrix of the form Mat[a, b, c, d] unless otherwise specified we assume a > and 
ad — be = 1. 
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3 Equidistribution Theorems 



In this section, theorem II .41 theorem ll.5l and a special case of Rufus Bowen's equidistribution 
theorem (theorem I3.6|) are proven. But first, we note that the hypothesis Comm{r) < 
Isom'^{lP) is generic. 

Remark 3.1. By work of Marguhs (see e.g. |Zimmerj ) . if F is not arithmetic, then F has 
finite index in Comm(F). Hence H^/F finitely covers E[^/Comm(F). The covering map 
induces a map from the moduli space of H[^/Comm(F) into the moduli space of H^/F. It 
can be shown that if Comm(F) contained orientation-reversing elements then the dimension 
of the moduli space of EI^/Comm(F) is strictly less that the dimension of the moduli space 
of H^/F. Thus, Comm^r) < Isom~^{M.'^) holds generically. 

3.1 Unipotent Flows on the Product 

Consider a unipotent flow on supported on 

T\PSL2{R) X T\PSL2{R) = Ti{S) x Ti{S) 

of the form {rgi,rg2) {rgiUt,Tg2kUtk~^) where k G /som(H[^) and Ut is given in section 
EI For gi, g2 G PSL2(M.) let UT,gi,g2 be the probability measure on 

{{TgiUt,Tg2kUtk''):te[0,T]} 

obtained from Lebesgue measure on [0, T]. The orbit of (F^fi, Tg2) under the flow is said to be 
equidistributed with respect to a probability measure A' on Ti{S) x Ti{S) if i-o'T,gi,g2 converges 
to A' in the weak* topology as T tends to infinity. The orbit is said to be exceptional if it not 
equidistributed with respect to the product Haar measure A x A. The next lemma implies 
that the commensurator of F essentially classifies the exceptional orbits. 

Lemma 3.2. Suppose that the orbit of (F(7i,F(yf2) € Ti{S) x Ti{S) under the unipotent 
flow iTgi,Tg2) iTgiUt,Tg2kUtk~^) is not equidistributed with respect to the product Haar 
measure on Ti{S) x Ti{S). Then there exists a closed subgroup H < PSL2{M.) x PSL2{M) 
such that 

• the closure of the orbit of (rgi,rg2) equals {Tgi^Tg2)H , 

• Stah{Tgi^Tg2) Pi H is a lattice in H where Stah{Tgi,Tg2) is the stabilizer of {Tgi^Tg2) 
m PSL2{R) X PSL2(M), 

• the orbit of (Vgi,Vg2) is equidistributed with respect to the probability measure Xh on 
{Tgi^Tg2)H induced by Haar measure on H, 

• H = Ht := {{g, kUrgU^^k-^) : g G P5L2(M)} for some T G M, 
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• g2kUTgi ^ G Comm(T). 

Proof. The first three statements follow from Ratner's work on Ragnuthan's conjectures 
|Ratnerj . Both factors of (F x r)H project onto r\PS'L2(M). The classification of closed 
subgroups of PSL2{M.) x PSL2{^) implies that H has the form 

H = {{g,hgh-'\gePSL2m} 

for some h G /som(EI^). The fourth statement now follows from the fact that the group 
{{Ut, kUtk-^) : t G M} fixes iV x V)H. 

We show that the last statement follows from the second and fourth. Note 

(fi'i,5'2)"^(r X V){gi,g2) = Stab{Tgi,Tg2). 

Hence (F x T) n {gi, g2)H{gi, g2)~^ is a lattice in {gi, g2)H{gi, g2y^. But 

{g^,g2)H{g,,g2r' = [{gigg^\ g2kUTgUT'k-'g2') : g E PSL2m] 

= {{g, {g2kUTg^')g{g,U^'k-^g2')) : g G PSL2(M)}. 

Thus g2kUTgi^ G Comm(T). □ 

Corollary 3.3. If CommiV) does not contain any orientation-reversing elements, then the 
orhitofany{Vgi,Vg2) G V\PSL2{B.)xV\PSL2{B.) under the flow {Tgi,Tg2) {TgiUt,Tg2Vt) 
is equidistributed with respect to the product Haar measure on Ti{S) x Ti{S) where Vt is de- 
fined in section\^ 

Proof. There exists k G /som(E[^) with Vt = kUtk~^. Every such k is orientation- reversing. 
Hence g2kUTgi^ is orientation-reversing for any T G M, g2 G F. The fifth statement of the 
lemma above now implies the corollary. □ 

3.2 Hypercycle Flows 

Given a geodesic a C H^, its radius r-neighborhood is bounded by two constant-curvature 
curves which we call hypercycles of radius r. The unit vector wq = {i, i) (in the upperhalf 
plane model) is normal to two distinct radius r hypercycles, Vr and Uj.. Assume that Vr 
partially bounds the radius r neighborhood Nr{a) of a geodesic for which wq is an outer unit 
normal. See figure ^ Orient Vr and W,. so that their endpoints at infinity in the upper half 
plane model are ordered from negative to positive. Define WoK,t G Ti(EI^) so that WoK,t is 
normal to Vr, on the same side of Vr as Wq and the map t basepoint{woVr^t) parametrizes 
Vr by arclength in an orientation-preserving manner. This defines a flow on Ti{M^) by setting 
{gwo)Vr^t = gi^oVr^t) for any g G PSL2(M.). Define [/r,t similarly. Vr^t and Ur^t are distinct 
hypercycle flows that converge to Vt and Ut a.s r ^ oo. These flows descend to flows on 
T\PSL2{R). 
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Proof, (of theorem II. 4|) For T > and z = (-21,-22) ^ ^1(5'), let ut^z be the probabihty 
measure on 

{{z,Ut,z,Vt):te[0,T]} 

obtained from Lebesgue measure on [0, T]. By the previous corollary i't.z converges to A x A in 
the weak* topology as T — >■ 00. Convergence is uniform in z since Ti{S) x Ti{S) is compact. 
Thus there exists a Tq > such that for all T > T^, 

|z/T,.(/)-AxA(/)|<eo/2 

for all z. A standard calculation shows that for any w G ^1(5*) if Wt := wR_.„/2GtRn/2 then 

{WtG^L/2,WtGL/2) = {{wG ^L/2)U L/2,tcos\i{L/2)-, {wG L/2)VL/2,tcosh(L/2)j ■ 

Thus fiw,T,L is the probability measure on 

^{{wG_L/2)UL/2^tcosh{L/2)e-L/2, V^/2,t 008^^2)6-^-/2 ) |0 < t < t| 

induced from Lebesgue measure on [0,T]. Since {UL/2,t,VL/2,t) converges to {Ut,Vt) as L — > 
oo, it follows that any weak* subsequential limit of {/U^^t,l}l>o is equal to i't/2,z for some 
z G Ti{S) X Ti{S). Thus there exists a Tq > Tq such that 

|/^«,,T,L(i")-Ax A(F)| <eo 

for all L > Tq. □ 

3.3 Proof of theorem 11.51 

To prove theorem 11.51 we need the following calculation which is proven as a corollary to 
theorem 18.21 below. 
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Corollary 3.4. Let F = (Fi, F2, F3) : (0, 00) x ^ ^^e/inec? 6?/ 

F(a,6,c)= (^,^,21n(a)). 

V a a / 

Let B > 0. Suppose w G Ti(H^), (7 G PS'L2(M) and gwG-L/2 = wGL/2Mat[a,b,c,d] for some 
a, 6, c, (i G M wi/i | ln(a)|, |c|, — 1| < i? and ad — bc = 1. Le^ axis{w) denote the geodesic 
in tangent to w oriented consistently with w. Let be a unit vector perpendicular to w 
so that {w,w-^) is a positively oriented frame. Then the signed distance between the basepoint 
of w and axis{w^) fl axis{g) equals 

Fi(a,6,c)e-^/2 + 0((S + l)V^). 

The sign is positive iff axis{w^) fl axis{g) is on the right side of axis{w) . The angle from 
axis{g) to axis{w^) equals 

n/2 + F2(a, 6, c)e-^/2 + o((5 + 1) V^). 
Also the translation length g satisfies 

tr.length{g) = L + Fs{a, b, c) + 0{{B + l)e~^). 
We will also need the following volume identity. 
Lemma 3.5. For a compact set X C (0, 00) x define 

Bx = {Mat[a, b, c, d] G PSL2(M) : F{a, b, c) G X} 

where F{-) is defined in corollary \3.4\ Then the volume, vol{Bx), of Bx with respect to the 
standard volume form on PSL2{M.) satisfies 

vol{Bx) = [ e'^dx 

where x = {xi,X2,X3) and the integral is with respect to Euclidean volume. 

Proof. Without loss of generality, we may assume that X is the product of compact intervals 
X = Ji X /2 X [/i,/2] and that X is small enough so that for any g G PSL2{M.) the map 
h Tgh G T\PSL2(M) is injective when restricted to Bx- 

Suppose 5 is a unit vector in Ti{M.2) and there exists an element g eT such that 

gvG^L/2 e vGl/2Bx- 

Then g is unique by hypotheses on X, so we may write g = g^. The projection of axis{gy) to 
S is an oriented geodesic 7 G GL{h,h)- Let v be the projection of v to Ti{S). 7 is uniquely 
determined by f , so we may write 7 = 7^. 



11 



Let Ql C Ti(S') be the set of all vectors v such that 7^ exists and is in Qiiliih)- The 
proof proceeds by calculating the volume of Vt^ in two different ways. 
For any geodesic 7 G Qiiliih) define 

fi(7) = ^Gri(5):7 = 7.}. 

From the corollarv 13.41 it follows that ^^(7) is approximately the set of all vectors v G Ti{S) 
such that there is a geodesic segment P C S satisfying 

• f is based at an endpoint of (3 and is perpendicular to (3 there, 

• the other endpoint of /? is in 7 

• length{(3) G he-^^^ + 0(6"^) 

• the angle from /? to 7 is in l2e~^^'^ + 0(e^^). 
Hence the volume of ^^(7) satisfies 

volini'j)) = length{'y)length{Ii)length{l2)e^^ + 0(Le"^^/^). 

The hypotheses on X imply that for different 71, 72 G Qhihi h), the intersection ^(71) nfi(72) 
is empty. By definition, 

U ^^(7). 

So 

= [length{-f)length{Ii)length{l2)e'^ + 0(Le"^^/^)] . 

It is well-known that 

i^QdkM) ^e^. 

See for example |Buser j . Thus 

voliVtL) ~ length{Ii)length{l2){e^^ - e^^). 
Let fi : Ti{S) Ti{S) x Ti(5) be the map 

fM = ivG_L/2,vGL/2)- 
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Let A be Haar probability measure on Ti{S). The key observation is that the equidistribution 
theorem 11.41 imphes that the push-forward measure /l*(A) converges to A x A in the weak* 
topology as L tends to infinity. So 

voI{Ql) = voI{Ti{S))X{Ql) 

= vol{T,{S))fUmi^9u'^92) I rg^ G Tg^Bx}) 
~ vol{T,{S))\ X \{{{Tgi,Tg2)\Tg, e Tg2Bx}) 
= vol{Bx). 

Hence vol{Bx) = length{Ii)length{l2){e^^ — e'^) = e'^dx. 

□ 

Now we are ready to prove theorem 11.51 

Proof, (of theorem II. 5|) Let / be a finite interval in M. Let X = / x [ai, 02] x [/i, l2\, let Bx 
be as defined in the previous lemma. Without loss of generality we may assume that X is 
small enough so that for any g G PS'L2(M) the map h Tgh G r\PS'L2(M) is injective when 
restricted to Bx- 

Let Wl be the set of all unit vectors v perpendicular to a^. To prove the theorem, we will 
estimate the length of Wl HflL in two different ways where is as defined in the previous 
lemma. 

It follows from corollary 13.41 that each connected component of fi^ fl Wl has length equal 
to length{Ii)e~^^'^ + 0(e~^) except if this component contains an endpoint of 0"^. The latter 
contributes an asymptotically negligible amount to the length of Wl H and so it can be 
ignored. Thus, 



lengthiWi fl 1)/^) ~ ^N^i^ai, 02, h, l2)length{Ii)e 



-L/2 



Let w G Wl be based at an endpoint of (Tl. Let yU = iiw,t,l be as defined in theorem 11.41 
where w G Ti(EI^) projects to w. Let Tl = e^^'^length(aL)- It follows from that theorem that 



length{WL H VLl) 
length{aL) 



■K^{^^w,TL,L){{{Tgl,Tg2) \ Tgi e Tg2Bx}) 

\x\{{{Tgr,Tg2)\TgreTg2Bx}) 

vol{Bx) 
vol{T^{S)y 



So 



#iVL(ai, 02, /i, l2)length{h)e'^''^ 
The previous lemma now implies the theorem. 



vol{Bx)length{a l) 
vol{T^{S)) ■ 

□ 
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3.4 Rufus Bowen's Equidistribution Theorem 

For any closed geodesic 7 C Ti(S') let z/^ be the measure on Ti(S'), supported on the vectors 
tangent to 7, induced by Lebesgue measure. The total mass of equals the length of 7. 
Recall that is the set of all oriented closed geodesies 7 in S' with length in (L — e, L + e). 

The next theorem was proven first by Rufus Bowen [Bowen, R in the more general context 
of Axiom A flows. Our proof is significantly shorter although we invoke Ratner's theorems 
(lemma \i.2\ . 

Theorem 3.6. Assume CommiV) < Isom^{^). Given L,e, let 

- 1 V 

where N > is chosen so that VL,t is a probability measure. Then, as L tends to infinity, 
z/^^e converges to X, the Haar probability measure on Ti{S), in the weak* topology. 

Proof. Let X = [— e, e]^. Let Bx, ^(7), be as defined in lemma ITSl Let be the measure 
on Ti{S) defined by 

^7 = Xn(7)A 

where Xn{-y) is the characteristic function of ^(7). The total mass of u;^ is the A-measure of 
ni^j). Let 

- 1 V - 1 X 

ci^L is a probability measure. 

Claim: ujl converges to A in the weak* topology as L tends to infinity. 
Proof: Let h : Ti{S) Ti(5) x Ti(5) be the map 

= {wG^l/2,wGl/2)- 
Let W be an open subset of Ti{S). Let Xw be the probability measure 

AM' 

The key observation is that the equidistribution theorem 11.41 implies that the push-forward 
measure fL*{Xw) converges to A x A in the weak* topology as L tends to infinity. So 

A(fiL n W) 



A(fiL) 

Xw{nL)x{w) 

Xi^L) 

fUXwmTgi,Tg,)\Tg, e Tg2Bx})X{W) 
Xi^L) 

X{TBx)X{W) 
Xi^L) ■ 
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Substitute W = Ti{S) in the above to obtain 



Thus ujl(W) ~ \(W). Since Q is arbitrary, ul converges to A as claimed. 

Now let / : Ti{S) ^ C be any continuous function. We will show that \uJL{f) — 
tends to zero as L tends to infinity. Since ujl converges to A this will imply the theorem. 

Let Al = e^e~^. It follows as in lemma that Al is the approximate area of a cross 
section of ^2(7). Indeed, for any 7 G Gl, vol{^l{'j)) = ALlength{^) + 0(Le~^^/^). So 

A(fi(7)) _ Al , ^,^_3L/2^ 



length{'-)) vol{Ti{S)) 

Thus 

A(fi^) _ S,,e,A(fi(7)) 



+ 0{e 



N 

T.^^g^[ALlength{^)/vol{Ti{S)) + 0(Le'=^^/^)] 
T.^^gjength{-i) 
= AL/vol{T,{S)) + 0{e-''^/'). 

Let 5 > 0. Choose L larger if necessary so that — f{y)\ < 5 if distance{x, y) < 2ee~^/^. 
It follows that 

for any 7 G Ql- But, 



\{nL) A(^](7)) / A((]i) A 



N length{'y) 



< 



Al mm 



N vol{Ti{S)) vol{Ti{S)) length{-f) 



So 



< A(^](7))5 + OK(/)e-^^/2). 



length{^) 



Thus: 
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\Mf)-Mf)\ = 

< 
< 

Since 5 > is arbitrary, \ujL{f) — ^L{f)\ ^ as L tends to infinity as claimed. Since / is 
arbitrary and converges to A, z/^ also converges to A. 

□ 

4 Constructing Isometries in F 

Define 

B, = {Mat[a,b,c,d] G PSL2iR)\F{a,b, c) e {-e,e)} 

where F is as defined in coroUarv 13.41 

Motivating Problem: given a vector w G Ti(E[^), and L,e > 0, find if possible an 
isometry G F such that tr.length{g) (the translation length of g) is in {L — e, L + e) and 
the axis of g is close to axis{w), the geodesic in tangent to w. 

If there exists G F such that gwG_L/2 G wGl/2B^ then let giiw) = g. If e is small 
enough (depending on the minimum injectivity radius of S) then giiw) is unique if it exists. 
We always assume this is the case in what follows. Let Wt = wR-T,/2GtR-K/2- Wt is obtained 
by pushing w to its right a distance t along a geodesic. 

Corollary 4.1. Assume CommiV) < /som+(EI^). Then there exists a constant Lq > such 
that for any L > Lq and any w G ^1(5*) there exists a time t with < t < Lqc"^/^ such that 
giiwt) exists. 

Proof. Let / : Ti(S') xTi(5') [0, 1] be a continuous nonzero function with support contained 
in 

[{Tgr,Tg2)\Tg2eTg^B,y 

By theorem 11.41 there exists a Lq such that for all T,L > Lq and w G Ti(EI^) the support 
of 'k*{ijlw,t,l) intersects the support of /. This implies that for some t with < t < Lqc'^^^ 
(depending on L > Lq and w), WtG^Li2 G WtGL/2Be and thus ghiwt) exists. □ 

The next result quantifies how close axis{gL{w)) is to axis{w) from the perspective of 
an observer on a geodesic 7 parallel to axis{w). It is proven in section IH^ as a corollary to 
theorem 18.21 



^S,,,J.;,(/)-^z.,(/)| 
5 + 0iuAl)e-'^'^). 
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Corollary 4.2. Let F = (^1,^2,^3) : (0, 00) x -> defined as in corollary [3^ 

Suppose w G Ti(]H[^), := giiw) exists and gwG_L/2 = wGL/2Mat[a,b,c,d] for some 
a,b,c,d G M with |/n(a)|, |c|, |c? — 1| < B. Let axis{w) he oriented consistently with 
w. Let 7 he an oriented geodesic in satisfying 

• is on the left side of axis (w) and 

• axis{w) is on the right side 0/71. 

See figure\^ Also assume that the shortest path from 7 to axis{w) 

• contains the hasepoint of w, 

• intersects 'j in a point p and 

• has length M = M{L) where either M = mie~"^^^ for some < m2 < 1/2 or M = 
rris + m^L > for some > 0. 

Then the shortest path hetween 7 and axis{g) has length 

M + Fi{a, b, c)e-^/2 + 0{{B + if coth(M)e-^) 

and intersects ^ in a point q. The signed distance from p to q equals 

F2{a, b, c)e'^'^/ sinh(M) + 0{{B + lfe~^^'^/ sinh^(M)). 

The sign is positive depending on whether q is before or after p with respect to the orientation 
on 7. The translation length of g equals 

L + F3(a,6,c) + 0((5 + l)e-^). 

5 Constructing Pants 

Assume as given: positive numbers ri, r2, rs, L, e > 0, a closed oriented geodesic 71 in S of 
length li G (riL — e, riL + e) and a point p on 71. 

Motivating Problem: assuming L is sufficiently large, construct an immersion of a pair 
of pants P into S such that 71 is the image of one of the boundary components and the 
others 72, 73 have length in r2L + (— e, e), r^L + (— e, e) respectively. Also, the shortest path 
from 7i to 72 should have one endpoint close to p and the orientation induced on 71 by P 
should be its given orientation. 

We will use the construction from the previous section to solve this problem under addi- 
tional mild hypotheses. But first we need a lemma. 
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Lemma 5.1. Let (71,(72 G PSL2{M.) be two hyperbolic isometries with disjoint axes. For 
i = 1,2 let li = tr.length{gi) . Suppose there exists /s > satisfying 

cosh(/3/2) = sinh(/i/2) sinh(/2/2) cosh(M) - cosh(/i/2) cosh(/2/2) 

where M is the length of the shortest path between axis{gi) and axis{g2)- Let C denote the 
convex hull of the limit set of < gi,g2 > (the group generated by (71, (72/ Then the quotient 
C / < gi, g2 > is a hyperbolic pair of pants P and hyhjs are the lengths of the boundary 
components. 

In the sequel, if (71, (72 G T satisfy the hypotheses above, we will say that {(71, (72} determines 
P and the immersion j : P ^ S induced by inclusion < (71, (72 >< F. 

Proof. There are two distinct right angled hexagons 7^1,7^2 satisfying: 

• 7^1,7^2 are bounded by axis{gi), axis{g2) and the common perpendicular between 
axis{gi) and axis{g2) 

• the sides of Hi and 7-^2 contained in axis{gi) and axis{g2) each have length tr.length{li)/2 
and tr.length{l2)/2 respectively. 

See figure El J-' := 'H1UH2 is a fundamental domain for the action of < (71, (72 > on the convex 
hull of its limit set. For i = 1,2, the side of JF contained in axis{gi) has length tr.length{gi) 
and maps onto a boundary component of the quotient. Also the side of Hi opposite the 
common perpendicular between axis{gi) and axis{g2) has length 1^/2. The above equation 
follows from the law of cosines ( [Ratcliffe] . [Fenchelj ) . □ 

The next lemma is a short calculation. 
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Figure 3: The hexagons Hi,H2- 



Lemma 5.2. Assume the hypotheses of the previous lemma. In addition, suppose for i = 1,2, 

h = TiL + Pi 

where ri,r2 > and pi,p2 G (— e, e). Let > and x G M. Define M = M{L) by: 

{2Q{-h-r2L+TzL+x) / i T'i,r2,r3 are the sidelengths of a Euchdean triangle 

arccosh(2e'^/^ + 1) if ri + r2 = r-^ 

{-k - + r-sL + x)/2 + ln(4) if rg > ri + r2 

Then 

Back to the problem at hand: let 7i,p denote lifts of 71 and p to the universal cover H^. 
Let (?i G r be the element with axis 71 and translation length equal to the length of 71. Let 
M be defined as in the above lemma with x = 0. 

Let (T be a segment of length M orthogonal to 71, with one endpoint at p and on the 
left side of 71. Let v G Ti(E[^) be the unit vector based at the other endpoint of a that is 
orthogonal to a and such that a is on the left of v. Let t be the smallest positive number 
such that g2 := gr2L{vt) G T exists where, as in the previous section, Vt = vR^-„/2GtRn/2- See 
figure m 

From now on, assume Comm{r) < /som+(EI^). By corollarv 14. H there exists an Lq > 
(depending only on S, e), so that if L > Lq then t < Lqc"'"^^/^. Let q be the point of 
intersection between 71 and the common perpendicular of 71 and 72 = axis{g2)- Corollary 
14.21 implies: 
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Figure 4: 



Corollary 5.3. // L is sufficiently large then the distance between axis{gi) and axis{g2) 
equals M + ©(e^*"^^/^). The signed distance between p and q is 0{ee~^'^^f'^ / sinh(M)). 

By the previous lemma, gi and g2 determine a pair of pants P and an immersion j : P ^ S 
induced by inclusion < gi,g2 >< F. Lemma [5.21 now implies 

Corollary 5.4. If Comm(T) < Isom'^{M^) then 

• for all sufficiently large L, 

• for any closed oriented geodesic 71 in S with length in riL + (— e, +e), 

• and for any point p in 71 

there exists an immersion j : P —>■ S of a pair of pants such that if Ci, 02, C3 are the boundary 
components of P then 

• length{ci) G TjL + (— e, e) (for i = 1,2,3), 

• Ci maps onto 71 in an orientation-preserving way, 

• if q is the intersection point between Ci and the shortest arc in P between c\ and C2 then 
the distance between j{q) and p is 0{ee~'^^^/ sinh(M)). 
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The next corollary yields a weak form of the Ehrenpreis conjecture. For this paper, a 
pants decomposition of a hyperbolic surface S is a collection C of disjoint geodesies such that 
every component of the complement S — is a pair of pants with finite area. For every 

geodesic 7 G C, the twist parameter at 7 is defined as follows. Let Pi,P2 be two different 
components of the complement S — U^gcT whose closures contain 7. For z = 1, 2 let G 7 
be the endpoint of the shortest arc between 7 and some other boundary component of Pi. 
Then twist{'y) equals the distance between pi and p2 (mod length{^) /2). 

Corollary 5.5. For any closed surface S = H^/F with F,Comm(F) < Isom'^{M'^) , any 
e > and for all sufficiently large L, there exists a locally-isometric covering map j : S ^ S 
where S has a pants decomposition in which every geodesic of the decomposition has length 
in (L — e, L + e) and every twist parameter is bounded by ee~^^^. 

This corollary follows from the previous corollary by setting ri = r2 = = 1 and 
successively gluing together immersions of pants. We cannot guarantee that S can be chosen 
to be closed; if we could, the Ehrenpreis conjecture would follow shortly. Using standard 
calculations, it can be shown that there exists a (1 + 10e)-quasiconformal homeomorphism 
h : S ^ S where is a surface with a pants decomposition in which every geodesic has 
length exactly L and every twist parameter is exactly zero. 



6 Counting 

The goal of this section is to prove theorem II. 7t corollary 11.61 and theorem 11.81 

Proof (of theorem ITTjl Let L > 0. Let 7 G GnL- Let 7 be a lift of 7 to H^. Let g e T 
be the element with axis 7 and translation length equal to Zi := length{'y). Let Vii'y) = 

Suppose {j : P ^ S) G Vl{,i)- Then there exists an element /i G F such that {g,h} 
determines P in the sense of lemma I^TTl and tr.length{h) G r2L + (— e, e). Since the third 
boundary component has length G r^L + (— e, e) lemma 15.11 implies that the shortest 
distance M between axis{h) and axis{g) is in the interval (M_,M_|_) where 

, . . ^ cosh((r3L ± e)/2) + cosh(/i/2) cosh((r2L T e)/2) 
^^^^ sinh(/i/2)sinh((r2LTe)/2) 

To interpolate between the two values, it is convenient to define M'^ (for x G [— e, e]) by 

cosh((r3L + x)/2) + cosh(/i/2) cosh((r2L - x)/2) 



cosh(M^) 



sinh(/i/2) sinh((r2L - x)/2) 



where the error term, E2 is on the order of 

g(-ri-r2-T-3)L/2 _|_ ^-riL _|_ g-»'2i _j_ g(-3ri-r2+r3)L/2 _|_ ^(-ri -3r2+r3)L/2 
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Since the error term above is asymptotically negligible compared with the main term, we will 
ignore it in the calculations below. Define 

cosh(M^) = 2e(-'i-"2^+"3^)/2e^ + 1. 

So M_ ~ M_e and M+ ~ M^. Now suppose that the shortest distance between axis{h) 
and axis{g) equals for some x G [— e, e]. Let I2 = tr.length{h) = L + p2 for some fixed 
P2 G [-e, e]. Then 

So — r2-L + r^L + 2x ~ —I2 + l-s- Since I3 G rsL + (— e, e), we must have 

/a -raL G -2x + (-e,e). 

Since {g, h} determines a pants immersion in V{'~f), we must also have 

/a-raL G (-2a; - e, -2a; + e) n (-e, e) 

= ( max(— e — 2x, — e), min(e — 2x, e)) . 

So define: 

X{x) = (—1, 1) X (— 1, 1) X ( max(— e — 2x, — e), min(e — 2x, e)) 

and 

B{x) = {Mat[a, b, c, d] G P^L2(M) : F{a, b, c) G X{x)} 

where F is as defined in corollarv 13.41 For w G Ti(H^) let z{w) denote the signed distance 
from basepoint{w) to axis{g) where the sign is positive iff w is on the left side of axis{g). 
Let x{w) be defined by z{w) = Mx(w) when this is defined. For w G Ti(E[^), if there exists 
/i G r such that 

hwG_r2L/2 e wGr2L/2l3{x{w)) 

then define hy^ = h. Let V C Ti(EI^) be the set of all vectors w G Ti(HI^) satisfying: 

• x{w) G [— e, e]. 

• the shortest path from the basepoint of w to axis{g) is perpendicular to w and is on 
the left side of 7. 

Let W be the set of all vectors w E V such that hy^ exists. Ignoring the asymptotically 
neglible error terms above, we have shown that {g, h} determines a pants immersion in V{'~f) 
\S. h = hyj for some w in W . For G F, define 

W{h) = {w eW ■K = h}. 
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Let TT : Ti(El2) — > Ti{S) be the quotient map. Let w be an element of tt(W) chosen uniformly 
at random. Then 



Here n equals 1 if r2 7^ and 2 otherwise. E is expectation with respect to the law of w. 
We have abused notation by writing area{W{hyj)) for area{W{h^)) where w E W is a lift 
of w. We will use theorem 11.41 to obtain asymptotic estimates for the right hand side of the 
above equation. 

Let h = huj for some w G W. By definition of B{x) and corollarv 14.21 W{h) is approxi- 
mately rectangular. Its projection to is, up to first order, a union of hypercycle segments 
S2 for z e Zh + (-e"''2'^/^ e"''2-^/2) where 

• Zh is the shortest distance from axis{h) to axis{g), 

• the distance from any point in Sz to axis{g) equals z, 

• the projection of Sz to axis{g) has length ^fj^^^^- 
See figure El 





Figure 5: 
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The length of Sz equals 2e '^^^^'^ coth(z). So 



area{W{h)) ~ / 26''''^/^ coth{z) dz 

\smh.{zh - e-''2^/2) 
For z G [M_,M+] define 

A(z) - 2e--^/2ln ^^^M^ + e-^^/^) A 
^''Uinh(;^-e-'-2V2)j- 

Now if f G 7r{V) is chosen uniformly at random and z{v) := z{v) where 5 G \^ is any lift 
of V then the distribution of z{v) is supported on [M_,M+] with density equal to 

length{'j) cosh(z) 



area{TT{V)) 



Similarly, if w G tt{W) is chosen uniformly at random, then the distribution of z{w) is 
supported in [M_,M+] with density asymptotic to 

lenqth(^) , , , voliBix)) 
^ ' cosh(z) ^ ^ " 



area{'K{W)) ' vol{Ti{S)) 
where = z. This uses theorem |l .41 So 

1 



n\V{-f)\ = area{7r{W))E 



area{W{hw)) 



^ ' cosh(2) — : )oL dz. 



M_ 



A{z) ' 'vol{T^{S)) 



Since 



cosh(z) = 2e(-'i-''2^+"^^)/2e^ + 1, 
sinh(z)dz = 2e(-'i-''2^+"^^)/2e^dx. 



So, 



A short calculation shows: 

A{M^) ~4e-^2^coth(M^). 
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Hence 



By lemma 

4(e^-2x' _ g-.) if X > 



vol{B{x)) = 
So vol{Bx) = 8e~^sinh(e — Hence 



4{e' - if a; < 0. 



e^vol{B{x))dx = J 8 sinh(e — |x|)(ia; 
Hence 



n\V{-i)\ 



vol{Ti{S)) 



□ 



Proof, (of corollary II. (ip Assume, for simplicity, that ri < r2 < r^. Then V{ri,r2,r^) is 
the disjoint union of 'P(ri, r2, rs; 7) over all 7 G ^nL- Let C be the subset of 

geodesies that trivially cover their images. If 7 is a uniformly random element of G'^-^l, then 
the distribution of length{^) — riL has support in [— e, e] and density asymptotic to 

1 

e 

- e-' 

Hence 

\'P{ri,r2,r3)\ = S^gg^^^|P(ri, rs, rg; 7)] 
~ S^ee;^^l^(n,r2,r3;7)| 

where E is expectation with respect to the uniform measure on 7 G Gr^^i- By the above, 

vol{Ti{S)) e^-e-^J_^ 

4(e^/2 _ g-e/2^2g(-ri+r2+r3)L/2 /■£ 



(e^-e-^)wo/(Ti(5)) 
But 

J {riL + z)e'/^ dz = 2(riL - 2 + e)e^/2 - 2(riL - 2 - e)e-^/2_ 
Combined with ~ (^'^ ~ e~'')e'^^^ / (riL) the last two equations yield the corollary. 



□ 
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Proof, (of theorem \l.S\i We will only prove the theorem in the case that ri + r2 > r^. The 
other cases are handled similarly. Let 'y,'y,g,M be as defined in the previous proof. 

Let H G T he the set of all elements h such that {h,g} determines a pants immersion 
(j : P — s> S) G T2, T3; 7). For each h E H, let G 7 be the point closest to axis{h). 

Let be the counting measure supported on the points {ph '■ h G H}. We will show that 
appropriately normalized, fii converges to Lebesgue measure. 

Let Ol be any point in 7^. This choice and the orientation of determines an isometry 
between 7^ and the real line sending Ol to the origin. Identify 7^, with the real line through 
this isometry so that fi^ can now be thought of as a measure on the real line. 

Truncate /il by setting //^ := X[-r,r]fJ'L where 2r = length{^) and X[-r,r] is the characteris- 
tic function of [— r, r]. Next dilate to the scale of interest by setting /i^(-E') := fi^^sE) where 
E is any Borel set in M and s = ee~^^^/^/ sinh(M). Now fi'l is supported on [—r/s,r/s]. 
Normalize by setting /i'^' = where K is chosen so that ii"'{L) has total mass 2r/s. 

To prove the theorem, it is necessary and sufficient to show that /i^' converges to Lebesgue 
measure in the weak* topology regardless of the choice of origin Ol- But this is equivalent 
to stating that the measure vl defined by vl = converges to Lebesgue measure on 

the interval [—1, 1]. 

Recall the definition of W{h) from the proof of the previous theorem. Let a be the 
geodesic orthogonal to 7 that contains Ol- Let u;/, be the discrete measure on [—1, 1] defined 
setting ul{{p}) equal to the length of 

[j[W{h)na] 

where the union is over all h E H such that the shortest path from axis{h) to 7 contains sp. 
We have abused notation here by identifying W{h) C Ti(EI^) with its projection to the plane 
If. 

Recall that, up to a negligible error, W{h) is a "rectangle" bounded by two geodesies 
separated a distance 2s apart and two hypercycles separated a distance 2ee~''^^/^ apart. So 
for h E H either 

• the length of W{h) fl a is asymptotically negligible (for example if W{h) fl cr = 0), 

• the length of W{h) n a equals 2ee-''^^/'^ + 0{coth{M)e~'"'^) (by corollary |01 and the 
definition of W{h)) 

• or the distance from axis{h) to 7, is within 2ee~^2^/^ of Me"^"^/^ or Me^"^/^. 

The last case contributes an asymptotically negligible amount to the calculations. The sup- 
port of ul is essentially the same as the support of ul because i^l{{p}) 7^ iff there exists 
an element h E H such that the shortest path from axis{h) to axis{g) contains sp. But this 
occurs iff W{h) fl cr 7^ since W{h) is, up to a negligible error, bounded by two geodesies 
orthogonal to 7 separated a distance 2s apart with common perpendicular midpoint at sp. 
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So if ujl is normalized to have total mass 2 then any weak* limit point of ujl is a weak* limit 

point of and vice-versa. So it suffices to show that ojl limits on Lebesgue measure. 

Let V E W f\ a he chosen uniformly at random. Let y^, G M be such that the distance 

from O to p equals y^s where p is the closest point on 7 to axisi^g^). So the distribution of 
is the same as the measure ujl (after normalizing to have total mass 1). By coroUarv 14.21 
= F2{a,b,c) sinh(M)/ smh.{zv) where is the distance from the basepoint of w to 7 and 

(a, b, c) G M'^ is such that 

gvvG_L/2 = vGL/2Mat[a, 6, c, d]. 

If = Me^'"/"^ then \xy\ < e and yy converges to ^2(0, 6, c)e~^'"/^. Asymptotically then, 
y^ only depends on a, b, c and x^. So it follows from the equidistribution theorem that the 
distribution of y^, and therefore ul, converges to a limiting measure that is independent of 
origin O. Independence implies translation invariance. Hence this measure must be Lebesgue 
measure. 

□ 

7 Clotheslines 

The goal of this section is to prove theorem 11.101 We will need the following estimate. 

Lemma 7.1. Suppose w G Ti(M^), (? G F exists such that gwG^L/2 = wGL/2Mat[a,b,c,d] 
for some a, b,c,d E M. Let axis{w) C he the geodesic tangent to w. Suppose 7 C is a 
geodesic such that the shortest path (3 from 7 to axis{w) satisfies 

• (3 has length M = mie~'^^^ (for some mi,m2 > 0, m2 < l/2j, 

• the distance from (3 fl axis{w) to basepoint{w) equals K = ki + k2L for some ki G M, 
k2 > 0. 

Then the shortest path from 7 to axis{g) has length M + 0{ I'^l+j^^'l+^ e^^"'"^^^"-^/^)'^) . 

Proof. After conjugating, we may assume that w = {e^^'^i, e^/^z) in the upperhalf plane 
model. Let J = e^^^^^^. The lemma now follows from theorem 18.21 below. □ 

Definition 7.2. Given 6 > 0, a set X C Ti{S) is called 6-dense if for every v G ^1(5) there 
exists a geodesic segment [3 such that 

• length{(3) < 5, 

• one endpoint of (3 is at basepoint{v) the other is in basepoint{x) for some x E X, 

• 13 is perpendicular to v and v parallel transported across {3 makes an angle < 5 with x. 
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For every oriented closed geodesic 7 in either or H^, identify 7 with the set of unit 
vectors v tangent to 7 and oriented consistently with 7. 

Lemma 7.3. There exists a 5 > (depending only on S) such that if L is sufficiently large, 
7i £ Ql is 6-dense and 72 G Ql is arbitrary then there exists an L-clothesline of length 2 
from 7i to 72 . 

Proof. Let 71,72 G Ql be given. Suppose 71 is 5-dense for some 7r/2 > 5 > with 
cosh(25) cos(5) > L Assume L is large enough so that if C = ^e~^l'^^''l'^ then C < b 
and cosh(C) < cosh(2(5) cos(5). 

Claim: there exists a geodesic segment /3 perpendicular to 71 and 72 at its endpoints so 
that 

• 45 > length{(3) > C and 

• /3 is to the left side of both 71 and 72. 

Proof: Let I3i be any geodesic segment of length 35 with one endpoint making a right 
angle with 72 such that (3i is on the left side of 72. See figure IHl Let u be the unit vector 
at that endpoint that points in the direction of 72. Let v equal u parallel transported across 
[3i. Since 71 is 5-dense, there exists a geodesic segment {32 of length at most 5 with one 
endpoint making a right angle with v and the other in 71 so that —v parallel transported 
across (32 makes an angle at most 5 with a vector in 71. The concatenation of f3i with (32 
gives a geodesic segment (3^ of length between 25 and 45 such that (3^ makes a right angle 
with 72 and an angle 7r/2 — a with 71 where \a\ < 5. 



Let (3 be the perpendicular segment from 71 to 72 that is homotopic to /^s through ho- 
motopies that keep the endpoints of (3^ in 71 and 72. Then (3 and [3^ are opposite sides of a 




Figure 6: 7i,72,/5. 
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4-gon with three right angles and one angle equal to vr 
^Buserj, 



\a\ 



By the trirectangle identities 



cosh.{length{P)) 



> 



cosh^length^Ps)) sin(7r/2 — \a\) 
cosh(2(5) cos(5) > cosh(C). 



So length{P) > C. Since length{[3) < length^jd'i) < 46 this proves the claim. 

For i = 1,2 choose nonintersecting lifts 7^ C Ti(EI^) of 7^ so that the perpendicular 
segment (3 from 71 to 72 is on the left sides of both 71 and 72. By the claim we may assume 
that C < length{l3) < AS. Let 



Mi = 2e 



-length{-~fj) / A 



Since lengthi^jj) — L G (— e, e) it must be that Mi + M2 < C. So there exists a geodesic 
cr C between 71 and 72 so that for i = 1, 2, the shortest path from a to has length Mj. 
See figure m 





\ a 










P \ 




1 







Figure 7: 7i,72,/3,cr. 



Let /C be the skew right-angled hexagon with three alternating sides contained in 71, a 
and 72. Let s be the length of the subsegment of a contained in this hexagon. By the law of 
cosines, 

cosh(length(p)) - cosh(Mi) coshfMa) 
cosh(s) = 



sinh(Mi)sinh(M2) 
So 

s = L/2 + (pi + p2)/4 + \og{cos\i{length{l3)) - 1) - log(2) + 0(6-^/') 
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where pi = length{'-)i) — L for i = 1, 2. 

Using a variant of the construction from section 0] we will obtain an isometry /i G F whose 
axis is very close to a such that tr.length{h) G (L — e, L + e). Let w be the unit vector 
tangent to a so that the basepoint of w is a distance s/2 from the shortest path between a 
and either 71 or 72. 

The right action of : t G M} on T\PSL2{M.) is a horocycle flow. It well known 
[Hedhmdlj that every orbit of this flow is dense in T\PSL2{M). Since S is compact, there 
exists a time Tq > (depending only on 5") such that for any vectors x,y & Ti{S) there exists 
a time T with |T| < To such that y G xVtB^/^ (where is defined in section 12)). In particular, 
there exists a time T with \T\ < Tq and a /i G F such that hwG-L/2 = wG l/2VtM at[a, b, c, d] 
for some a, 6, c, G M with | ln(a)|, |c|, |c/ — 1| < e/5. Note 



VrMatla, b, c,d] 



a b 
Ta + c Td + b 



By proposition 18.11 the translation length of h (which is conjugate to GLVTMat[a,b,c,d]) 
equals L + 2 ln(a) + 0(e~^). Since ln(a) < e/5, if L is sufficiently large, the translation length 
of h will be in (L - e/2, L + e/2). 

For j = 1, 2, let G F be the isometry with axis 7^- and translation length equal to the 
length of 7j. We will show that for j = 1, 2, {gj, h} determines a pair of pants Pj G 'Pl(1, 1, 1) 
so that {Pi,7c{axis{h)), P2) determines an L-clothesline of length 2 from 71 to 72. 

Lemma 17. II above implies that for z = 1, 2 the length of the shortest path from axis{h) to 

71 has length 

M; := M, + O ( + + ^ Vcosh(/en^t/i(/3)) - l)e- W(pi+P2)/8 j _ 

Thus if length{(3) is sufficiently small and L is sufficiently large then 

By lemma this implies that {gi, h} determines a pair of pants Pi G Vl{^, 1, 1) as claimed. 
Since length{(3) < 45 this implies the lemma. 

□ 

Lemma 7.4. Assume CommiV) < Jsom"'"(H^). Let S > 0. If L is sufficiently large, then 
for every 71 G Ql, there exists an L-clothesline of length 1 between 71 and a 6-dense geodesic 

72 e Gl- 

Proof. For T > 0, we say that a vector w G Ti(S') is (T, (5)-dense if the geodesic segment 
{wGt : < t < T} is 5-dense. 

By ergodicity of the geodesic flow, for some T > 0, there exists a (T, (5/2)-dense vector 
Vi G Ti{S). There exists a constant C = C(T,S/2) such that any vector w that has distance 
at most C from Vi is (T, (5)-dense. 
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Let L » and let 71 G ^l. Let 71 be a lift of 71 to H^. Let M = 2e-^^''3thM/i_ 
w G Ti(EI^) be a unit vector with basepoint of distance M from 71. Assume that w is on the 
left side of 71 and the shortest path from the basepoint of w to 71 is perpendicular to w. For 
t G M let = wR^T,/2GtRn/2- 

By the equidistribution theorem 11.41 there exists a Tq > (depending only on the surface 
S and C) such that for all L sufficiently large, there exist times ^1,^2 such that 

• < ti < t2 < Toe-^/^ 

• n^Wtj^GL/s) is within a distance C/2 of fi 

• 7r{wt2G^L/2) G TT{wt.,GL/2)Be/2- 

Here n : Ti(H^) Ti{S) is the quotient map. Let h = gi{wt2)- A standard calculation 
shows that there is a vector u' in axis{wt2) ^^at is within a distance 0(e~^/^) of Wt^GL/^. It 
follows from lemma mi that there is a vector u G axis{h) that is within a distance 0(e"^/'^) 
from u'. Thus 7r(M) has distance G/2 + 0{e^^^^) from fi. If L is large enough, this is less 
than G. So we may assume 7i{axis{h)) is 5-dense. 

From the definition of h and proposition 18.11 it follows that tr.length{h) G (L — e, L + 
e). From lemma m| it follows that the shortest path between axis{h) and 71 has length 
M + 0{e-^'^). Let 5( G r have axis equal to 71 and translation length equal to the length of 
7i. It now follows from lemma Wf2\ that if L is large enough then the immersion j : P ^ S 
determined by {g, h} is in 'Pl(1, 1, 1). To finish the lemma, set 72 = 'K{axis{h)). 

□ 

Remark 7.5. The restriction that GommiV) < /som"'"(H[^) can be removed by employing 
the variant of the isometry construction given in the previous lemma instead. 

Lemma 7.6. Given any 6 > 

#{7 ^ Ql -1 is 6 dense} 
lim — — = 1. 

Proof. The set of (T, 5)-dense vectors in Ti{S) is open for every T and 6. By ergodicity of 
the geodesic fiow, 

lim X{w G Ti{S) : w is (T, (5)-dense) = 1 

T — ^00 

where A is Haar probability measure on Ti{S). The lemma now follows from theorem 13. (j[ 

□ 

Theorem 11.101 follows immediately from the preceding three lemmas. 
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8 Calculations 



8.1 Translation Length 

If g & /som+(EI^), then the translation length of g is the shortest possible distance between 
a point p G and its translate gp (minimized over all p G H^). More generally, for g G 
I som'^ (M.^) , we define the displacement fi{g) by cosh{fi{g)/2) = trace{g)/2 and Re{fi{g)) > 
where g is identified with its matrix representative in PSL2{'C). It can be shown that 
fi{g) = tr.length{g) if (7 G Isom~^{EP). The following is a short calculation. 

Proposition 8.1. If g = GiMat[a,h,c,d\ then 

and the displacement of g = GLMat[a,b,c,d] satisfies 

^(g) = L + 21n(a) + 0(e-^). 

If g = giiw) is as defined as in section HI so that gwG_L/2 = wGL/2Mat[a,b,c,d] then g 
is conjugate to G^Matfa, b, c, rf]. So its translation length is given by the above. 

8.2 Calculations for hexagon Ti 

The goal of this section is to prove estimates on the sidelengths (and widths) of a right- 
angled hexagon Ti. related to the construction of isometries in section |3] From these estimates 
coroUarv 14. 2| corollary 13.41 and lemma mi will follow. By a right-angled hexagon 7i we mean 
an ordered 6-tuplet of oriented geodesies {Hi, H2, .., Hq) of such that Hi is orthogonal to 
Hi+i and Hi is not equal to Hi+2 for any i modulo 6. For the sake of generality, we allow 
Ti. to be nonplanar. To handle this we need an appropriate substitute for sidelength called 
width (see subsection I8.2.2j) . Let Hi = fi{Hi_i, Hi+i, Hi) be the width of the double-cross 
{Hi-i, Hi+i, Hi). To define H, let 

g = GiMatla, b, c, d] 

where L > 0, a,b,c,d E C such that ad — be = 1 and Re{a) > 0. Let J, M : (0, 00) — > C be 
functions of the parameter L. In most applications, J = e^/^ and M = mie~"^^^ for some 
mi, 1712 > 0. H = {Hi, ■■■,Hq) is determined by: 

1. Hi is equal to the geodesic with endpoints {0, 00} oriented from 00 to 0. 

2. H2 is oriented from Hi to H^, if they do not intersect. Otherwise H2 is oriented so 
that if Vi is a unit vector based at the intersection point x = Hi H H3 pointing in the 
direction of Hi {i = 1, 2, 3) then (f 1, fs, V2) is a positively oriented basis for the tangent 
space at x in H^. 
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3. Hs is equal to axis{g) oriented from eo to ei (defined below). 



4. is oriented from to if they do not intersect. Otherwise is oriented so 
that if Vi is a unit vector based at the intersection point x = H3 (1 pointing in the 
direction of Hi {i = 3, 4, 5) then (^3, v^, v^) is a positively oriented basis for the tangent 
space to at x inM^. 

5. has endpoints ±J and is oriented from —J to +J. 

6. Hq = M + in. 

Hexagon H is depicted in figure |H1 




fi lb 

Figure 8: The hexagon H (in the upperhalf space model). 



Let j = \L/2 — log(| J|)|. So j is the hyperbolic distance from the point e^^'^i G to the 
point where Hq intersects Hi. Let 

E = (\A±E±M±ly-L/2y 
a 

The main theorem is: 

Theorem 8.2. Assume j < L/2 and\M\ > \E\. Then there exists {a i, E {(1, 1), (-1, 0)} 
such that 



H4 = aiM + aix + 0{coth{M)E^), 

-"5 = cr2^7r H — — - + U\ o 

sinh(M) Vsinh^(M) 
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where 

X = -e-^J + — (l/J)+0(Je-2^ + (l/J)e-^) 
a a 

This theorem is proven in subsection 18 .31 The next lemma determines and more 
fully in special cases. 

Lemma 8.3. Assume a,b,c,d G M. If L is sufficiently large, the following hold. 
• If M > \E\ and J = e^/^ ^/^g^ 

= M+^e-^/2^0(e-3^/2^coth(M)£;2) 
a 



sinh'^(M) 

• If M = -in/ 2 and J = -ie^'"^ then 

= ^7r/2 + z^e-^/2^0(e-=^^/2 + coth(M)E2) 
a 

a ^ sinh=^(M)^ 

We defer the proof of this lemma to the end of section We can now prove corollary 
14.21 and corollarv 13.41 

Proof, (of corollarv 14. 2|) After conjugating we may assume w = {e^^'^i, e^^'^i) in the upperhalf 
space model. Let ^1,^2,^3 be as given after the statement of corollarv 14.21 Apply theorem 
18. 21 with J = e-^/^ and M = M. So Hi is axis{w) with reverse orientation, H-^ = axis{g) and 
= 7. H4 is now the distance between axis{w) and 7. is the signed distance from p to 
q. The corollary now follows from the above lemma and proposition 18.11 □ 

Proof, (of corollarv 13. 4|) After conjugating we may assume w = (e^^'^i, e^^'^i) in the upperhalf 
space model. Set M in theorem 18.21 equal to —i7c/2 and J = —ie^/'^. So Hi = axis{w) with 
reversed orientation, H^ = axis{g) and H^ = axisiw-^). H^/i is the angle between axis{w-^) 
and axis{g). H^ is the signed distance between the basepoint of w and axis{w-^) fl axis{g). 
The corollary now follows from the above lemma and proposition 18.11 □ 

Before proving the main theorem, we prove some identities, as opposed to estimates, 
regarding the widths of Ti. For this, we need a formula for the fixed points of g. In general 
the fixed points of 

^ ^ j G PSL,{C) 
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acting by fractional linear transformations on C are 

j^-^WCTHij ifc^O (2) 

{oo,-^} ifc = 0. (3) 
a — a 

It follows from equation [T] (subsection IH) that (if c 7^ 0), eo = {Ni — N2)/D and ei = 
{Nl + N2)/ D are the fixed points of g where 

AT, = _ ^g-L/2_ 

Nl = (ae^/2 ^ cie-^/2)2 _ 4_ 

We choose to be a root of the above equation with nonnegative real part. When L is 
large and i?e(e°) > 0, Cq is close to zero and ei is "close" to 00. 

Theorem 8.4. 

C0Sh(i72) = -N1/N2 

cosh(i/4) = (A^i/A/'2)cosh(M) +xsinh(M) 

He = M + in. 

where 

lDJ^ + {Nl-Nl)/D 

^ ~ 2 JiVs ■ 

Remark 8.5. No hypotheses on M or J are needed above. Assuming the theorem, we can 
use the law of cosines and the law of sines to determine formulas for the other three widths 
ofH. 

We prove this theorem first and then derive theorem 18.21 using it. 

8.2.1 Trigonometry Background: The Cross Ratio 

The cross ratio R of (a, 6, c, d) G C"^ is defined by 

The cross ratio is invariant under the action of PSL2{'C) by fractional linear transforma- 
tions on C. Note that ^ 

R{b, a, c, d) = — — — — — 
R{a, b, c, d) 

and R{a, b, c, d) = R{c, d, a,b). R is extended to (C U {00})'' in the natural way. For example, 
i?(cx),6,c,d) = |5f. 
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8.2.2 Trigonometry Background: Double Crosses 

The material in this subsection is detailed more thoroughly in |Fenchelj . Suppose u, u' are 
the endpoints of a geodesic 71 oriented from u to u' and v, v' are the endpoints of a geodesic 
72 oriented from v to v'. Suppose also that 73 is a geodesic perpendicular to both 71 and 
72. Let w,w' be the endpoints of 73 which we assume is oriented from w to w'. The triple 
(71) 72; 73) is called a double cross. We define the width /i(7i, 72; 73) = /i G C/ < 2ni > of 
the double cross by the equation 

exp{fi) = R{u,v,w',w) = —R{u',v,w',w) (5) 
= —R{u,v',w',w) (6) 
= R{u',v',w',w). (7) 

So 

exp(/i(7i,72;73)) = R{u,v,w',w) 

= 1/R{v, u, w', w) 
= exp(-/i(72,7i;73)). 

Hence /x(7i,72;73) = — /^(72, 7i; 73)- also satisfies the equation 

R{u, u', V, v') = tanh^(/i/2). (8) 

The latter equation determines only up to a sign. If we denote ■ji with the opposite 
orientation by — 7^, then we have 

/^(7i,72; -73) = -/^(7i,72;73) 

and 

/i(-7i, 72; 73) = /i(7i, 72; 73) + «vr. 

The real part of fi is the signed distance between 71 and 72. The imaginary part measures 
the amount of turning between 71 and 72. To be precise, fi is the displacement of the isometry 
g with oriented axis Axis{g) = {w, w') such that gji = 72. Suppose as above that 

R = R{u, u', V, v') = tanh^(yu/2). 

Then 

1 + R 



1-R 
"R 



cosh(yu) 
(l/2)sinh(^). 



1-R 

The following lemma is classical. It appears in [Fenchelj . 
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Lemma 8.6. Let Ti = {Hi, Hq) be a right-angled hexagon. Let Hi = ii{Hi^i, Hi^i, Hi) 
denote the width of the double cross {Hi_i, Hi^i; Hi) . Then the following relations hold. 

1 The law of sines- ^HlM^ = sinhCffa) ^ ^nhiM 

1. me Law OJ SLIieS. ginh{H4) smh{/f6) sinh(H2) ' 

2. The law of cosines: cosh(iJj) = cosh(ifj_2) cosh(/7j+2)+sinh(iJj_2) sinh(iyj+2) cosh(ifj+3) 
for all i with indices considered modulo 6. 



8.2.3 Proof of theorem EI 
Proposition 8.7. If 

cosh(i/2) =-Ni/N^. 
Proof. Recall the definition of the cross ratio R (subsection 18.2. ijl . Let 

R := R{oo, 0, eo, ei) = — = — — . 

Co iVi — iV2 

RecaU that H2 = H3; H2). By subsection KT^ tanh^{fi{Hi, H^; ^2)/2) = R. So 

1 + R -Ni 



cosh (7^2) 



1-R N2 ' 

□ 



Proposition 8.8. Let {/o,/i} be the endpoints of H^ such that Hr, is oriented from /q to fi. 
Let M = tanh{M/ 2). Then 

fo =-MJ 
/i =-J/M. 



Proof. By equation El 



= /2(/o,oo, J,-J) 



/o + ^' 

But = gM+ivr ^ _gA/^ Solving for /o yields fo = -Jtanh(M/2) = -MJ. By equation 

= -i?(/i,oo, J,-J) 
fi-J 
fi + J' 

Solving for fi yields fi = —J/M. 

□ 
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Proposition 8.9. If c ^ 

cosh(i/4) = {N1/N2) cosh(M) + sinh(M)a;; 

where 

Proof. We compute -R(/o, /i, eo, ci) as follows. 



-MJ - ^^i^){-J/M - 



R{fo,fi,eo,ei) 



(-MJ - Ni^)(-J/M - 
{-DMJ - {Ni- N2))i-DJ - M{Ni + N2)) 
{-DMJ - {Ni + N2))i-DJ - M{Ni- N2)) 
D^MJ^ + DJ{Ni - N2) + DM^J{Ni + N2) + M{Nl - N^) 
D^MJ'^ + DJ{Ni + N2) + DM'^J{Ni - N2) + M{Nl - iV|) 
DMJ^ + J(iVi - N2) + M^JjNi + AT^) + M(Arf - N^) / D ^ 
DMJ^ + J{Ni + N2) + M^J{Ni - N2) + M{Nl - iV|) ID~ 

where A is the numerator in the line above and B is the denominator. Since R = tanh^(if4/2) 
we obtain the following. 



cosh(iJ4) 



l + R _ 1 + {A/B) _ B + A 
1-R ~ 1 - (A/B) ~ B-A 
2DMJ^ + 2(1 + M^)JNi + 2M{Nl - N^)/D 

2{l-M^)JN2 
(1 + M'^)JNi ^ DMJ^ + M{Nl - Nj) /D 



{1-M^)JN2 {1-M^)JN2 

. X. , X M f DJ^ + (N^ - N^)/D 



cosh{M){Ni/N2) + (1/2) sinh(M) 
cosh{M){Ni/N2) + xsinh(M). 



1 - M2 V JN2 

DJ^ + {Nf - Nl)/D 



□ 



If c 7^ 0, theorem 18.41 follows from the three propositions above. The case c = follows 
from taking a limit of the c 7^ case. 



38 



8.3 Proof of theorem [O 
Proposition 8.10. 



2bc _r _2L. 



cosh(/72) = -A^i/A^a = -1 + — e-^ + 0(e 

X = -e-^J + — (l/J) + 0(Je-2^ + (l/J)e-^) 
a a 

In particular, x = 0{E) and cosh(i^2) = — 1 + 0{E'^) if j < L/2. 
Proof. Recall: 

D = 2ce-^/l 

For z close to zero, a/1 — 2; = 1 — (l/2)2;+0(2;^). So if 2; is very large, y/^'^-^ = — A/ 
z-2/z + 0{l/z^). Hence, 



^2 



So, 



and 



ATi - N2 -2{d - l/a)e-^/2 ^ o(e-3V2) 



ATg + (c/ - 2/a)e-^/2 + 0(e-3V2) 



a 

-2^C , _2L 



i2 



The estimate for cosli(if2) now follows from proposition 18.71 Also, 

iV2-iV2 = (ae^/2_rfe-^/2)2_(^gL/2^^g-L/2)2^4 

= -Aad + 4 = -46c. 

Therefore, 

iV2 _ ATI _45c 



DATs 2ce-^/2(ae^/2 + {d - 2/a)e-^/2 + 0(e-3^/2)) 
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Also, 



Thus, 



" aeV2 + (d- 2/a)e-V2 + 0(e-3V2) 
a 



X = {1/2)DJ/N2 + {1/2){N^-N^)/{DJN2) 

= -e-^J+— (l/J) + 0(Je-2^ + (l/J)e-^) 
a a 



□ 



Proposition 8.11. Assume \x\ < \M\ and j < L/2. Then there exists (T\ e {— 1,+1} such 
that: 

smh(i?4) = ai{Ni/N2) sinh(M) + aix cosh(M) + O ' 



sinh(M) 

Hi = (TiM + (Tia; + 0(coth(M)E2). 
Proof. Recall that cosh{Hi) = {N1/N2) cosh(M) + xsinh(M). So, 

sinh2(i^4) = cosh^Hi)-! 

= ((iVi/TVs) sinh(M) + a;cosh(M))^ - x'^ + {N^/N2f - 1. 

Since NJN2 = l + 0(£;2), 

sinh(//4) = <Ji{Ni/N2) sinh(M) + cosh(M) + f . f ' ) 

\sinh(M j/ 

for some ai e {—1, +1}. If cri = 1 then 

sinh(if4 - M) = cosh(M) sinh(i74) - cosh(if4) sinh(M) 
= (N1/N2) cosh(M) sinh(M) + cosh'^(M)x 

-(N1/N2) cosh(M) sinh(M) - sinh2(M)x + 0(coth(M)£;^) 
= x + 0(coth(M)E^). 

In general, smh.{y) = y + 0{y^). So i74 = M + x + 0(coth(M)£^^). The calculation for 
(Ji = — 1 is similar. □ 
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Proposition 8.12. Assume \x\ < \M\ and j < L/2. Then there exists (72 G {1,0} such that 

= '''''' + 

where = 1 — {Ni/N2)^ + and {ai,a2) G {(1, 1), (— 1, 0)}. cxi is as in the previous 
proposition. 

Proof. Recall Hq = M + in. Assume ai = +1. By the law of cosines 

cosh(if2) — cosh(i?6) cosh(if4) 



cosh(if5) ~ 



smh(if6) sinh(if4) 
-N1/N2 + cosh(M) {{N1/N2) cosh(M) + a;smh(M)) 
- sinh(M) sinh(if4) 
{N1/N2) sinh(M) + X cosh(M) 



sinh(if4) 
-1 + 0(cosh(M)EVsinh2(M)). 



So = iTT + 0(-\/cosh(M)£^/sinh(M)). Squaring, we obtain 

{{N1/N2) sinh(M) + a;cosh(M))^ 



cosh'(i/5) 



= 1 + 



{{N1/N2) cosh(M) + a;sinh(M)) - 1 

{{N1/N2) sinh(M) + xcosh(M))^ 
{(N1/N2) sinh(M) + xcosh(M))^ - 1 + {Ni/N2f - x^ 
l-{Nr/N2f + x^ 



sinh^(M) Vsinh^(M) 



So 



sinh(i/5) = — TTTTV + C'f 



sinh(M) Vsinh^(M)/ 



where 



y'' = l-{N^/N2f + x^ 
Since sinh(2;) — z -\- 0{z^) the case ui — l follows. The ui — —1 case is similar. 



□ 
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Proof, (of theorem 18 .21) The proof follows immediately from the preceding three propositions. 

□ 



Proof, (of lemma l83|l For now assume M > \x\ and J = e^l"^. Since Hi^ is approximately 
(TiM + o"ix, Ha, has nonzero real part. So i^a does not intersect B.^. Since Hi, is oriented from 
i^s to i^s it must have positive real part. Thus cxi = (T2 = 1. The equation for H/^ follows 
from the equation for x in theorem 18.21 Since J = e^^^ , a short calculation shows 



(c+_6)2 

,2 



We test the above in the special case in which {a,b,c,d) = (1,0,1,1). A short calculation 
shows that Cq = and Ci = — 1. So figure |H1 accurately depicts the incidences and 
orientations of the geodesies Hi,..,Hq except that Hi and H3 are coincident and H2 is 
degenerate. But this is a limit of cases like those depicted in the figure. The key observation 
is that Hr, is oriented from its intersection with H4 to its intersection with Hq. Thus the real 
part of H^ is positive. So in this case 

a 

By continuity, the above holds in general. This case now follows from the formula for H^ in 
theorem 18.21 

Now assume M = —in/ 2 and J = —ie^/"^. A short calculation shows that 



y 



X = —i{c + b)e 



L/2-a 



a? 



In particular x and y are both purely imaginary. Since H^ is orthogonal to both Hi and Hq it 
must have endpoints equal to ±e^/^. The orientation of ifi, Hq and the fact that H^ = m jl 
implies that H^ is oriented from c^/^ to —e^/"^. So the orientation on is from z to z where 
z has positive imaginary part. But this implies that H^ is purely real. So (J2 = which 
implies that cxi = —1. 

As in the previous case, we test the above when (a, 6, c, d) = (1, 0, 1, 1). This time hexagon 
Ti looks as in figure IHl below. In particular, the real part of H^ is positive. With the formula 
for Hr, from theorem 18.21 this implies the lemma. 

□ 
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H3=Axis(g) 





Figure 9: The hexagon H in the case M = —m/2 and J = —ie^l"^. 
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